A modified Hartmann test is proposed for measuring corneal topography. The plane screen with holes used in the typical Hartmann test is replaced with a curved object surface. This object surface yields a plane image for a spherical mirror surface. We show that the object surface is an oval of revolution that can be modeled by an ellipsoid. The plane image will be formed by a square array of circular spots, all with the same diameter. To obtain the square array in the image, we calculated the spatial distribution of the spots on the object surface.
Introduction
A Placido disk system consists of a series of concentric illuminated rings that are reflected off the cornea and viewed with a video camera. Because of its great simplicity, this system has been widely used for measuring corneal topography. The most important part of this system is the object surface with rings as well as the spatial distribution and the width of these rings on the surface. The location and width of the rings are computed in such a way that the image of the rings reflected off a reference sphere is a uniform distribution of rings, i.e., rings equally spaced and all with the same width. The radius of curvature of the reference sphere is made equal to the mean radius of the cornea ͑7.8 mm͒. Then the image of the rings reflected off the aberrated cornea will be distorted rings, and from this distortion it is possible to obtain the shape of the cornea.
One of the first Placido disk systems made use of a plane object surface to draw black and white circles. 1 Later, other object surfaces were used to reduce the blurring effect that the astigmatic surfaces ͑sagittal and tangential͒ produce owing to the field curvature on the image quality. Some of the object-surface shapes used were a hemisphere, 2 a cylinder, 3, 4 and a cone. 5 However, none of these objects surfaces can completely eliminate the blurring effect. To obtain the best overall image definition, the sagittal and the tangential image surfaces must come together on a plane image surface. In practice, this is not possible and only one of these two astigmatic surfaces can be flattened. 6 By using Coddington equations, 6, 7 Wittenberg et al. 8 calculated the object surface that yields a plane tangential image for a spherical mirror. He showed that this object surface is a revolution oval that can be approached by an elliptical surface. If the image formation is free of spherical aberration and coma, since there is astigmatism, a point on the object surface is focused on a virtual line ͑a focal tangential line͒. This line is perpendicular to the radial direction, and its length is proportional to the stop diameter. 6 Therefore this type of ovoid object surface is the best surface on which to place the rings of the Placido disk system. The virtual image of every ring will be in focus.
One of the great disadvantages of the Placido disk system is that it can determine only the curvature of the cornea in the radial direction. 9 To solve this problem, some authors have proposed adding some radial lines to the rings 10 ; others have suggested changing the rings to a dartboard on the object surface. 11 When the rings are modified or changed, as we have just mentioned, the ovoid object surface that yields a plane tangential image for a spherical mirror is not the best surface for obtaining images with high definition. For example, if only radial lines were used instead of rings, we would need to find the object surface that yields a plane sagittal image. If we have both rings and radial lines on the object surface, the image should lie on a plane that bisects the tangential and the sagittal astigmatic surfaces. 6, 7 The reason is that in this plane image, also called the mean surface image, we obtain the circles of least confusion for object points.
In this paper we calculate the shape of the object surfaces that yield plane tangential, sagittal, or mean images for a reference spherical mirror. The radius of the reference spherical mirror will be made equal to 7.8 mm; this value is usually taken as the mean radius of the real corneas. 12 In particular, to propose a modified Hartmann test 13 for measuring the corneal topography, we select the object surface that yields a plane mean image. To obtain a square array of spots on the plane mean image for the reference spherical mirror, we calculate the spatial distribution of the respective spots on the object surface as well as their geometry. When the reference spherical mirror is replaced by a real cornea, a distorted square array image is obtained. From this distortion it is possible to evaluate the corneal topography.
Object Surfaces for a Small Field
Before calculating the shape of the object surfaces for obtaining plane tangential, sagittal, or mean images for a spherical mirror, let us calculate the third-order astigmatic surfaces for a spherical mirror when we have a virtual plane object ͑Fig. 1͒.
In the paraxial approximation a virtual object of height h separated from the vertex of the mirror of radius R by l yields a real image of height hЈ separated from the vertex of the mirror by ϪlЈ ͑Fig. 1͒. If the system stop is at the Gaussian image plane ͑the reason is explained below͒ and assuming a small field, the sagittal longitudinal astigmatism can be calculated by the third-order aberration theory. Then, it is given by 7 
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where y is the height of the marginal ray on the mirror, nЈ ϭ 1 is the refractive index of the air, and n ϭ Ϫ1 is the refractive index of the mirror. Angles Ϫi and ı are the angles of incidence on the mirror of the marginal ray and the principal ray, respectively. Angle uЈ is the angle of the marginal ray after its reflection on the mirror. From Fig. 1 we see that uЈ ϭ Ϫy͞lЈ, i ϭ y͓͑1͞R͒ Ϫ ͑1͞l ͔͒, and i ϭ y ͓͑1͞R͒ Ϫ ͑1͞lЈ͔͒, where y is the height of the principal ray on the mirror given by y ϭ hlЈ͑͞lЈ Ϫ l ͒. When these terms in Eq. ͑1͒ are replaced and the Gauss formula for the mirror is used,
the sagittal longitudinal astigmatism is AstL s ϭ Ϫh 2 lЈ 2 ͞4Rl 2 . Because the lateral magnification is m ϭ hЈ͞h ϭ ϪlЈ͞l, we finally obtain
On the other hand, the Petzval surface for a spherical mirror is given by 7 Ptz ϭ hЈ
With Eqs. ͑3͒ and ͑4͒ we can obtain the sagittal S and tangential T astigmatic surfaces as follows:
The best-image surface or mean surface image M is defined by the mean value of the sagittal and tangential surfaces as
From Eqs. ͑4͒ and 5͑a͒-5͑c͒, we see that Ptz, S, T, and M can be described by paraboloids of revolution that are functions of the image height hЈ. Thus it is convenient to write these surfaces in the form z ϭ hЈ 2 ͞2R , where subscript represents any of the surfaces and R is the radius of the osculating sphere at the vertex of the paraboloid. Therefore the radii of the osculating spheres for Ptz, S, T, and M are Fig. 1 . In the paraxial approximation a virtual object of height h separated from the vertex of the mirror of radius R by l yielding a real image of height hЈ separated from the vertex of the mirror by ϪlЈ. The system stop is on the image plane. For a small field the sagittal longitudinal astigmatism can be calculated by the thirdorder aberration theory. Figure 2 shows the Petzval and the astigmatic curves for the mirror of Fig. 1 on a meridional plane. Note that the longitudinal astigmatism does not depend on the location of the stop if the stop is at the Gaussian image plane. The result shown in Fig. 2 tells us that if we have an object surface as an S-or T-shaped surface, its virtual image is a plane sagittal or tangential image, respectively. In the same manner, if the object surface is the mean surface M, its virtual image is a plane mean image where we obtain the circles of least confusion.
Object Surfaces for a Very Wide Field
We have found the object surfaces that yield plane images for a spherical reflecting surface when the field is small. However, this result is not useful if we want to measure the corneal topography since the normals at the nasal and the temporal prelimbal areas subtend an angle of the order of 80°. A direct method for computing the object surfaces that yield plane images for large areas in a spherical mirror is by use of the Coddington equations. 6, 7 These equations give the sagittal and the tangential astigmatic images for a single optical surface. The Coddington equations are valid for any system where the stop is small enough that the sagittal and the tangential rays do not travel far from the principal ray. For a spherical mirror ͑n ϭ Ϫ1͒, these are
where is the angle of incidence of the principal, R is the radius of curvature, L S ϭ L T ϭ L is the object distance, and L S Ј and L T Ј are the sagittal S and tangential T image distances, respectively. The sagittal and the tangential image distances are measured along the principal ray. In these circumstances the sagittal focus is on the intersection of the principal ray and the auxiliary axis. The auxiliary axis joins the off-axis object point and the center of curvature. Figure 3 shows the geometry used to apply the Coddington equations. After reflection on the spherical mirror, the light beam reverses its traveling direction and goes to the stop. The stop distance Ϫl V is made equal to the distance of the vertex of the object surface from the spherical mirror ͑Fig. 4͒. The radius of curvature of the spherical surface is R. P is a point on the object surface, Q is a point on the mirror, I is the virtual image point, ϪL is the object distance, and LЈ is the image distance that can be either the sagittal or the tangential image distance. The axial conjugate point that corresponds to the vertex of the object surface is at a distance l V Ј ϭ R Ϫ z I . Because we want to obtain a plane image, z I must be a constant, and thus the z coordinate for every image point I is made equal to z I . Angle is the angle of incidence of the principal ray, and Ϫ is . Geometry used to apply the Coddington equations for a spherical mirror: P, point on the object surface; Q, point on the mirror; I, virtual image point; ϪL, object distance; and LЈ, image distance that can be either the sagittal or the tangential image distance. The stop distance l V from the mirror is equal to the vertex distance from the mirror of the object surface. The axial conjugate point is at a distance l V Ј ϭ R Ϫ z I . the angle of the reflected principal ray with respect to the optical axis. With the stop at the vertex of the object surface a wide region of the cornea can be tested. In practice a small area around the vertex of the cornea is not tested because of the finite size of the stop.
Typically the F number in a Placido disk system is F͞10, which means that the magnitude of l V is approximately 10 times larger than the stop diameter. Therefore the sagittal and the tangential rays leaving point P impinge on the reflecting surface in the vicinity of the principal ray. Then we can apply the Coddington equations to the system of Fig. 3 .
From Fig. 3 we see that the image distance LЈ is
where
and z I is a constant given by
The coordinates ͑z, y͒ of point Q are related by z 2 ϩ y 2 ϭ R 2 , and the cosine of the angle of incidence is cos
. From Eqs. ͑7a͒, ͑7b͒, and ͑8͒ we can solve for object distance L. In this way the object surfaces that yield sagittal, tangential, and mean plane images are determined. The coordinates of these object surfaces can be obtained as follows:
A. Object Surface for Plane Sagittal Image
When LЈ ͓Eq. ͑8͔͒ and L S Ј ͓Eq. ͑7a͔͒ are equated, the object distance becomes
and the position vector of any point of the object surface that yields a sagittal plane image is
B. Object Surface for a Plane Tangential Image
When LЈ ͓Eq. ͑8͔͒ and L T Ј ͓Eq. ͑7b͔͒ are equated, the object distance becomes
and the position vector of any point of the object surface that yields a tangential plane image is
C. Object Surface for a Plane Mean Image
In this case the image distance LЈ ͓Eq. ͑8͔͒ is equal to the mean of the sagittal and the tangential image distances, that is,
Solving Eq. ͑13͒ for the object distance L M , we find that L M is the positive root of the second-order equation:
The position vector of any point of the object surface that yields a plane mean surface image is
Equations ͑10͒, ͑12͒, and ͑15͒ are parametric representations of meridional curves of object surfaces on the zy plane. With these equations a point ͑z , y ͒ over the object surface is associated with every point ͑z, y͒ on the spherical surface. Symbol represents S, T, or M of Eqs. ͑10͒, ͑12͒, or ͑15͒, respectively. Since the system has symmetry of revolution, we re- Fig. 4 . Ovals ⌺S, ⌺T, and ⌺M for obtaining plane sagittal, tangential, and mean image surfaces for a spherical mirror and for a wide field, respectively. Oval ⌺P is an ellipsoidal surface that yields a Petzval plane surface.
fer to these equations as the mathematical representation of the meridional curves or surfaces that yield plane image surfaces. The z coordinate of r will be the axial coordinate, and the y coordinate of r will be the distance from the axis of revolution to a point on the surface. Figure 4 shows ovals ⌺S, ⌺T, and ⌺M obtained from Eqs. ͑10͒, ͑12͒, and ͑15͒, respectively. These ovals are the object surfaces that yield plane sagittal, tangential, and mean image surfaces for a spherical mirror and for a very wide field. Another oval labeled as ⌺P has been included in Fig. 4 . ⌺P is the surface that yields a Petzval plane surface, i.e., if there are no other primary aberrations. By using the Gauss formula ͓Eq. ͑2͔͒, we found that ⌺P is an ellipsoidal surface given by
where parameter ␣ is the angle measured counterclockwise from the center of the ellipse and the constants a P , b P , and z 0P are
The radius of curvature at the vertex on the major axis ͑optical axis͒ is given by b P 2 ͞a P . By replacing Eqs. ͑17a͒ and ͑17b͒ in the previous quotient, one finds that the radius of curvature is R Ptz ϭ R͞2 ͓Eq. ͑6a͔͒.
On the other hand, ⌺S ͓Eq. ͑10͔͒, ⌺T ͓Eq. ͑12͔͒, and ⌺M ͓Eq. ͑15͔͒ look like ellipsoids, but strictly speaking they are not. To show this, we calculate the meridional curvature of the ovals by means of c ϭ ͉r ϫ r؆͉͉͞r͉, where r ϭ r ͑ y͒ denotes the position vector of any point on a meridional curve of surface ⌺ ͑with representing S, T, or M͒. 14 Then r and r؆ are the first and the second derivatives with respect to parameter y ͑the y coordinate of the mirror surface͒. The symbol ϫ represents the vector product. Figure  5 shows the radius of curvature of a meridional curve of object surfaces ⌺S and ⌺T ͑heavy curves͒ when the radius of the mirror is R ϭ 7.8 mm and the stop is ͉l V ͉ ϭ 180 mm away from the mirror. The radius of curvature is plotted for half of the meridional curve with respect to the z axis. Angle ␣, as in Eq. ͑16͒, is measured from the center of an ellipse that fits each oval ͑thin curves͒. One way to find the closest ellipse in each case, according to the symmetry of the ellipse, is by using the minimum and the maximum radius of curvature of the ovals. These radii of curvature should be equal to the radii of curvature at the vertices ͑␣ ϭ 0 and ␣ ϭ ͞2͒ of the closest ellipse. In Fig. 5 the minimum of ⌺S is the radius R S ϭ 5.2 mm given by Eq. ͑6b͒. This result is expected since for a small field the shape of the object surface given by Eqs. ͑5a͒ and ͑10͒ must be alike. The maximum obtained for ␣ ϭ ͞2 is approximately R max͑⌺S͒ ϭ 399.4 mm. Then with R S and R max͑⌺S͒ it is easy to show that the principal axes of the closest ellipse have lengths of
and the closest ellipse for ⌺S has the parametric representation
where By following an analysis similar to the sagittal case, we can determine the closest ellipses for ovals ⌺T and ⌺M. From Fig. 5 we see that the minimum radius of curvature of ⌺T is R T ϭ 15.6 mm ͓Eq. ͑6d͔͒ and the local maximum at ␣ ϭ ͞2 is approximately R max͑⌺T͒ ϭ 223.9 mm, so constants a T and b T of the closest ellipse are a T ϭ 92.13 mm and b T ϭ 37.91 mm. For oval ⌺M the minimum radius of curvature is R M ϭ 7.8 mm ͓Eq. ͑6c͔͒ and the local maximum at ␣ ϭ ͞2 is approximately R max͑⌺T͒ ϭ 321.9 mm, so the constants a M and b M of the closest ellipse are a M ϭ 93.14 mm and b M ϭ 26.95 mm.
In Fig. 5 the radius of curvature of the closest ellipses are plotted as thin curves. We see that each oval has an inflection point near the mirror surface. Therefore, because the radius of curvature of an ellipse is a symmetric function, ovals ⌺S and ⌺T are not ellipses indeed. The same result can be found for oval ⌺M. However, we see from the standard error that the fitting is good in each case, and in practice Fig. 5 . Radius of curvature of a meridional curve of object surfaces ⌺S and ⌺T ͑heavy curves͒ when the radius of the mirror is R ϭ 7.8 mm and the stop is ͉l V ͉ ϭ 180 mm away from the mirror. Angle ␣ is measured from the center of an ellipse that fits each oval ͑thin curves͒. The closest ellipses are calculated by using the minimum and the maximum radius of curvature of the ovals. These radii of curvature should be equal to the radii of curvature at the vertices ͑␣ ϭ 0 and ␣ ϭ ͞2͒ of the closest ellipse.
the ovals ͑bold curves͒ can be described by the ellipses ͑thin curves͒.
To calculate the standard error s e by fitting an ellipse to ovals ⌺S, ⌺T, or ⌺M, we use s e ϭ ͕⌺͓ y Ϫ y F ͔ 2 ͑͞N Ϫ 2͖͒ 1͞2 . Subscript represents any oval, y is the y coordinate of the th oval, and y F is the y coordinate of the corresponding closest ellipse. In Table 1 we summarize the values of the parameters of each fitting ellipse for the ovals and the standard error estimation when R ϭ 7.8 mm and ͉l V ͉ ϭ 180 mm. Ellipse ⌺P is also included, and its standard error is zero. The sampling number N employed was N ϭ 1342.
Although we have shown that ovals ⌺S, ⌺T, and ⌺M are not exactly ellipses for a particular example, this fact is satisfied for any other vertex distance l V . These ovals have a common point at the vertex on the optical axis and a common ring in contact with the mirror surface ͑Fig. 4͒. This ring has a radius
. The image of any object point on the ring coincides with the object point, so the images of these points are free of astigmatism. Therefore ovals ⌺S, ⌺T, and ⌺M must coincide with ⌺P on the mirror, and because ⌺P is an ellipse, ⌺S, ⌺T, and ⌺M cannot be ellipses.
Modified Hartmann Test for Measuring Corneal Topography
The Hartmann test samples a wave front under analysis by using a screen of uniformly spaced holes situated at the pupil plane of the optical system. 13 Let us apply a modified Hartmann test to measure the corneal topography in such a way that we can observe a square array of spots in a virtual plane image for a reference spherical mirror ͑Fig. 6͒. To obtain spots shaped like circles, i.e., circles of least confusion, we shall select the mean object surface, ⌺M, as a place for the object spots ͑holes͒. The geometry of these object spots are discussed below. We now determine the spatial distribution of the object points on the mean object surface so that the virtual plane image is formed by a square array of spots. Such an array should consist of spots placed equidistantly at the intersection of lines parallel to the orthogonal axes of a Cartesian coordinate system in the image plane, as shown in Fig. 6 . When the reference spherical mirror is replaced by a real cornea, the array of spots on the image plane will be distorted. From this distortion it is possible to determine the principal curvatures and the shape of the corneal surface. 15 Because the mean object surface, ⌺M, is a surface of revolution, we can compute the spatial distribution of the object points by means of a single meridian. Let us assume that the distance between two consecutive spots of the virtual plane image along the horizontal or vertical direction is 0.4 mm and the diameter of the whole image is 8 mm. Then the total number of spots is 309 ͑Fig. 6͒. The diameter of the whole image will determine the area of the corneal surface to be tested. The location of any point of the array at the image plane can be described by a position vector, r I ϭ h I ͑cos , sin ͒, where h I ϭ ͑x I 2 ϩ y I 2 ͒ 1͞2 is the distance between the spot and the center of coordinates; is the direction. Figure 7 shows the coordinates ͑z M , y M ͒ of oval ⌺M ͓Eq. ͑15͔͒ for the meridional curve on the zy plane as a function of the image height h I ͑h I ϭ y I ͒ for R ϭ 7.8 mm and ͉l V ͉ ϭ 180 mm. Then, for a meridional curve defined by the intersection of oval ⌺M and a plane forming angle is the distance between the spot and the center of coordinates; is the direction. with respect to the xz plane, once the magnitude h I of the position vector is determined, from Fig. 7 we can obtain coordinates ͑z M , y M ͒ of the object points on the meridional curve of oval ⌺M.
Let us divide oval ⌺M into two halves by means of a plane perpendicular to the optical axis and placed at the center of the fitting ellipse ͑z 0 ϭ 94.66 mm͒. The dashed horizontal line in Fig. 7 represents this division. Then we see from Fig. 7 that most of the object points for testing the mirror are on the half nearer the mirror ͑Fig. 8͒. Thus the half of the oval at the stop side can test only a circular area around the vertex of the mirror of 1.12-mm radius ͑the vertical dashed line in Fig. 7͒ . The largest area that can be tested with the whole oval is given by the radius R I ϭ ͑R 2 Ϫ z I 2 ͒ 1͞2 ϭ 6.70 mm. However, in practice this system cannot test an area on the corneal surface as large as this because the oval must not touch the eye. Therefore we plotted in Figs. 6 and 7 the image height to as high as 4 mm. Figure 8 shows the spatial distribution of the object points for a quadrant of oval ⌺M.
Until now we have found the location of the object points in order to obtain an image conform by a square array of spots. These spots will be the circles of least confusion since the plane image surface M of oval ⌺M bisects the sagittal S and tangential T surfaces, as shown in Fig. 9 . The diameter of the circles of least confusion is
where the longitudinal astigmatism AstL is the difference ͑T Ϫ S͒ along the reflected principal ray. The F number is given approximately as ͑F͞#͒ ϭ ͉l V ͉͞2r A , where r A is the stop radius. Equation ͑20͒
indicates that the diameter of the circles of least confusion varies with the height h I in a quantity given by the longitudinal astigmatism. With this result we can anticipate that, to obtain spots of equal size in the image plane, we need to have on the object surface spots of different size. Besides the astigmatism effect on the size of the image spots, we have to consider the magnification that yields the spherical mirror of the object spots. Finally, the size of the image spots seen from the stop will be modified by the diffraction effect.
We first analyze the magnification along a meridional plane. A direct way to calculate the magnification is by using a length element dh I in Eq. ͑15͒ to obtain the arc element
3͒. However, this way is cumbersome and we prefer to determine the magnification numerically. Let us assume that we want to obtain image spots of 20-m diameter; then from Eq. ͑15͒ we can determine the length of the object spots in a meridian. If we divide the diameter of the image spots with respect to the length of each object spot, the meridional magnification m is obtained as shown in Fig. 10 . Fig. 8 . Spatial distribution of the object points for a quadrant of oval ⌺M. This distribution enables one to observe a square array of spots in a virtual plane image for a reference spherical mirror. Fig. 9 . Sagittal S and tangential T astigmatic surfaces for oval ⌺M. The plane mean image surface M bisects S and T. In this plane image surface we obtain the circles of least confusion for object points.
Let ⌬s a be the length of an object spot along the meridional curve; the length of the conjugate image spot ͑along the meridian͒ seen from the stop will be
where D dif ϭ 1.22͑F͞#͒ is the diameter of the first dark ring of the diffraction spot in micrometers for a point on the image plane ͑assuming a wavelength of ϭ 0.5 m͒. The symbol ‫ء‬ represents the convolution operation. Since the maximum distance h I is much less than ͉l V ͉, the diffraction function D dif is practically a constant for any image spot. To have image spots with the same size D I , we have to solve Eq. ͑21͒ for ⌬s a .
Let us define the length of the spot free of the diffraction effect along a meridian by D I Ј ϭ m͑⌬s a ͒ ‫ء‬ D lc . Since D dif can be considered a constant, ⌬s a can be solved from D I Ј. Since the result of the convolution operation is to widen the geometric spot m͑⌬s a ͒ by approximately D lc , we assume that the spot free of diffraction can be written as D l Ј ϵ m͑⌬s a ͒ ϩ D lc . This approximation enables us to calculate the length of ⌬s a , and in practice it will be enough.
Let us now calculate length ⌬s b of the object spot along the perpendicular direction with respect to the meridian. Because oval ⌺M and the reference spherical mirror constitute an optical system with symmetry of revolution, it is easy to show that
From ⌬s a and ⌬s b we can obtain the shape of the object spots that yield an array of circular spots on the image plane.
It has been pointed out that the final size of the image spots depends on the circle of least confusion and diffraction effect, and both of them are functions of F͞#. However, the size of the circle of least confusion goes down when F͞# increases, while the size of the diffraction spot goes up when F͞# increases. Therefore it is necessary to determine the appropriate value for F͞# in order to have a minimum increase in the size of the geometric spot, m͑⌬s a ͒. By equating the diffraction spot with the circle of least confusion for the maximum value of the height h I , we can find that the optimum F number is given by
where AstL is given in micrometers. From Fig. 9 we have AstL ϭ 617 m for h I ϭ 4.00 mm when ͉l V ͉ ϭ 180 mm. As a result of Eq. ͑23͒, F͞# ϭ 15.6. We finally found that the radius of the stop is r A ϭ 5.7 mm. It means that the diameter of the first dark ring of the diffraction pattern is D dif ϭ 19 m. The same value is obtained for the diameter of the circle of least confusion for h I ϭ 4.00 mm. Let us assume that we want to obtain an image spot free of the diffraction effect of 30-m diameter, so the final image will be approximately 50 m in diameter. Figure 11 shows lengths ⌬s a and ⌬s b for obtaining circular image spots free of the diffraction effect of 30-m diameter. From this figure we see that the geometry of the object spots on oval ⌺M are spots shaped like ellipses. The eccentricity of these ellipses is a function of the image height h I . At the vertex of ⌺M ͑h I ϭ 0͒ the eccentricity is 0, that is, a circle. For h I Ϸ 1 mm the eccentricity is a maximum with 0.95. Then the eccentricity goes down and is equal to 0 for h I Ϸ 3.6 mm. With the results of Fig.  11 we can come back to Fig. 8 and replace each object point by the corresponding spot shaped like an ellipse, so we will have a square array of circles of 50-m diameter in the image plane.
Conclusions
From the results obtained above we have concluded the following:
͑a͒ The object surfaces that yield plane sagittal, tangential, and mean images for a spherical mirror differ slightly from ellipsoids of revolution. Depending on what kind of structured light on the object surface is used to test the cornea, i.e., rings, radial lines, points, one of these surfaces will be more suitable. In particular, to propose a modified Hartmann test to measure corneal topography, we have selected the object surface that yields a plane mean image.
͑b͒ To carry out the Hartmann test, we have computed the spatial distribution of the illuminated spots on the object surface that yields the plane mean image as well as their geometry. These spots are shaped like ellipses. The eccentricity of these ellipses is a function of image height. At the vertex of the object surface the eccentricity is 0, that is, a circle. For an image height of Ϸ1 mm the eccentricity has a maximum value of Ϸ0.95. Next the eccentricity goes down and is equal to 0 for an image height of Ϸ3.6 mm. After that, the major axis of the ellipses turns in a direction perpendicular to the meridional plane. With these results the plane virtual image will be composed of a square array of circular spots, all with the same diameter ͑50 m͒.
͑c͒ From the spatial distribution of the object points, it is found that most of the object points for testing the mirror are on the half of the object surface nearer the mirror ͑Fig. 8͒.
͑d͒ Since the stop of the system is located at the vertex of the object surfaces, it is found that the radius of curvature of the object surfaces at the vertex is related in a simple manner with the radius of the spherical mirror. These radii of curvature are only functions of the radius of the spherical mirror. They enable us to estimate quickly in an approximate way the shape of each of the ellipsoids that fits the object surfaces for any distance ͉l V ͉. By using the equation of the radius of curvature of an ellipse at the vertex, R V ϭ b 2 ͞a, with a ϭ ͉͑l V ͉ ϩ R͒͞2, it is possible to find b; a is the half-length of the major axis, and b is the half-length of the minor axis of the ellipse. Then, with a and b, the generating ellipse of the ellipsoid is found in each case. The better the approximation, the larger the distance ͉l V ͉ with respect to the radius of the mirror R.
A corneal topographer based on results in this paper is being built. With this instrument we will be able to measure the principal curvatures and the shape of the corneal surface. It will be discussed in a future paper.
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